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Analytical approaches, Monte Carlo approaches, and

numerical approaches

Akhiezers’ analytical result in adiabatic
approximation (AA)

IS denied by
Anguelovs’ Monte Carlo result (MC);

1762 V Anguelov and H Vankov

1 S

8

10’ 10’ 10° 10 10°
EJE

Figure 7. Depth of the maximum as a function of Ep/E.
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Aharonian and Plyasheshnikov say in Astrop. Phys.
19, 525(2003);

In the cases ol magnetic held and
photon gas, such a nice leature ol cross-section
dependences 1s lacking. As a result, the analytical
solution ol cascade equations becomes more
complhicated and does not provide an adequate

dCCUTACY.

So that some numerical approches are required.
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"adjoint method"

5. fere, T CTTY | Plovdiv

484
GENERAL EQUATIONS POR THE GENERATING FUNCTIONAL

AND FACTORIAL MOMENTS IN THE CASCADE THEORY
UCHAIKIN VoVe
ALTAI STATE UNIVERSITU, BARNAUL, USSR.

The non-linear equation for the generating

functional and factorial moments is obtained
e e e e - o oy e as < o A m————

in general form. The linear equations for firsi

and higher order factorial moments of random

measure which describes the collision mumber of
& oL Y

all particle generations in some area of the

' phase space can be derived from this equation.
Application of these results to the cascade
theory is discusased.
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Our numerical approach

Malin characteristic points of our method are

e The shower development with inhomogeneous
cross-sections for primary and secondary energies,
like Akhiezer et al’s or Zdziarski’s, are solved.

e \We use logarithmic scale in energy.

e The calculation time are reduced to be proportional
to In Ey/E or In® Ey/E, much less than Ey/E in

Monte Carlo methods.
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vul ITcaudit 101 Lastaucs 1l
strong magnetic fields

Akhiezer et al equation is described as

dﬂz,.r}=2 J: (o, x)y(u, £)du + f I(u, x)m(u, u — ) du

- E (e, x)m(e, € — u)du

dl'(e, x)
dx

= J-x M, x ), ) du — J: F(e,x)y(e, u)du .

where H+0-yP)dy Lo

e w)de =4 (1=y)'"y'? o' T
[(1=x)*+x?] dx s Ll

y(w,e)de=gq (1-x)* g# et M
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Comparison of cascades in the strong magnetic fields
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Fig. 11, Cascade curves of eleclrons [or showers mmbated by
promary elcirons n the magete feld. Dafferent values (inds-
cated at the curves) of the ratio of primary and threshold en
ergies are msumad for the fned 3, = ralf/He= 10F. For
comparson, the resulls oblained n Rel. [M] are also shown

(dashad curves),

Figure 1: Aharonian-

Plyasheshnikov’s Fig. 11.
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Figure 2: Our result
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Our cascaderesultsin matter
The diffusion equation Is described as

\l

274 B. ROSSI AND K. GREISEN

In the thickness d¢ the number of photons with energy between W and WAW undergoes a
change because of the following effects:

(a) Electrons with energy E larger than W radiate a certain number of photons in the energy

interval (W, dW). This number s

» W\dE 2% dv
deff r(E, t) tpo(—)—=de£f ﬂ'(*, t) (00(0)—,
W E/ E 9 v v
where vy=W/E. '

{b) Some photons initially in the interval (W, dW) are absorbed by pair production. According
to Eq. (1.47a) their number is
EWdL Xv(W, )ao.

Therefore & )‘ B J 2
or(E, ¢ % 1 1
=2 (= :)%(u)—; e 0-=(= 1) Jowran (211
av(W, ' /W d
.0 _ f «(—, z)m(u)—”—m(w. 0. (2.12)
a! 0 v v

The functions ¢o and ¥ do not depend on the atomic number, hence the solutions of the Egs.
(2.11) and (2.12) are the same for all substances, provided, of course, we measure the thickness in
radiation lengths. The functions ¢, and depend only on the ratio between the primary energy
and that of the emitted particle. Hence any solution of Eqs. (2.11), (2.12) remains valid if all energies
are multiplied by a constant factor.
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Comparison of cascades in matter
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Figure 3: Aharonian-

Plyasheshnikov’s Fig. 7.
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Our cascade results In photon
flields

Diffusion equation

4 et —ﬂ@/ﬂ¢%vm+/P¢ﬁ1— )T di

/iodt
Y(A') dN
+2/¢X )

d ;A (k") dr
/iod?f ()\ t) — /)\ ¢(K’K/) k!l g _T/O w()\,U)du

K = Woe and A = WoEs,

and the energies are described in unit of mc>.
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The cross-sections are

1 1
¢(/€,U) — Z(l_v—'_l—?))

1
7 )<3—|—v— 4 4ln—"2 )

16K(1 — v 1 —w k(1 — v)
2
1652(1 — v)2’
I (1—wu U
1 I —u Yy
— 4 — 41n {4su(l —
16su(l — u) ( " U " 1 —u n {4sul u)})
1

_|_

1652u?(1 — u)?’

where the radiation length defined by Aharonian is (x 2 ?)

(=1)
XéG) — |:47Tn(()G)Tg] K.
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The cross-sections for Inverse Compton (left) and photon-photon
pair production (right) are indicated below:

100 T T T T 100 :
k ‘crossc.dat'using 1:2 [ c.dat'using 1:2
sc.dat'using 1:3 -——---- c.dat'using 1.3
sc.dat'using 1:4 -------- c.datusing 1:4 -
sc.dat'using 1:5 - c.dat'using 1.5 -~
sc.dat'using 1:6 c.dat'using 1:6
sc.dat'using 1:7 c.dat'using 1:7
sc.dat'using 1:8
sc.dat'using 1:9 -
sc.dat'using 1:10 h
Nt 41 &
10| sc.dat'using 1:11 10 _" {
[ H Y
| ] =3 '
% | S|
~ [ ~ [ 2 S
3 $ r N Z"
© o] **11\ _ -
1k ]
Oll Oll ! | m I }
1 0 0.2 0.4 0.6 0.8 1
y=¢le,

Figure 5. Kk, = Figure 6. £rg =
1,.2,.5,---,100, 1,.2,.5,---,100,
from left to right. from bottom to top.
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Comparison of cascades in photon fields

- E_ , i > k}):lbl L
E ) . =10 -
E Ko=104 ,,,,,,,,
E = k=10'
e L
1 '_I"I . g 2
b =
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0 I1 2 3 . 4 5 6 7
radiation length (t)

Figure 7. Aharonian- _
Plyasheshnikov’s Fig. 9. Figure 8: Our result
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vve UlIoLUSS LIe Jdllic clitial -
ergy spectrum

Aharonian-Plyasheshnikov result Is
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Figure 9: Aharonian-Plyasheshnikov’s Fig. 14.

and our results are
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1T A0 U CasldUCs Clich Yy
spectrum

If we assume simple cross-sections

1 1

¢(/€,U) — 57 and w()\au) — 57

the diffusion equations can be described as

9, Ko ko [ (K, t) "0 y(K )
aﬂ(/ﬁj,t) —|—%7T(/{,t) - ?/K p dr’ = %OL p dr’,

9, Ko ko [ w(K' 1)
Z (ki t) + 2k t) = =2 ) k.
et + St = 2 [ e ar
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We search for the solutions corresponding to
mono-energetic incident particle (Green’s function).
Applying Mellin transforms

M(s,t) = /OO <£>87T(/<;,t)d/<;,
0 Ko
s = [ () 2ts0.ds
0 Ko
then we get differential-difference equations
S AN
I NG+ NG -1 = (2
57 (s, )+§ (s —1,%) = <—> :

Ko

0
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The solutions for respective Mellin transforms are

/iot _ /
¢ _ / s (1 kot/(2Kr")
M(s, 1) (k' /Ko) ( + 2%/(8+1)>6 :

N(S, t) _ (K//Ko)se—mgt/(z{/)’

and applying inverse Mellin transforms, we have the
respective Green’s functions,

2 /43/2

G (k, t; 1) = 6(k — K)e ™)

t :
Gk, t; k") = {5(/43—/43’)4- Ko }e_mt/(%)’
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Using the Green’s functions, we get the differential spectrum of
the first and the second generation of electrons and photons,

, the e

Ne p

, the e

ne incident photon spectrum (o)

hotons spectrum produced by 7, (&, t)

ectrons spectrum produced by v (x, t)

ectrons spectrum produced by 5 (~, t)
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The solutions are

Y1 (K, 1) G (k,t; ko) = 6(k — Kg)e /2.

¢ 6—15’/2 K0
m(k,t) = / dt’ / Gr(k,t —t;K)dr =
0 K

vy

A A |
Yok, 1) = / dt' —e™" /2/ (— — —) G (k,t —t'; k) dR
0 2 - \ K Rg

2

Lol Lha —gp fogl L
4 \ k Ko 24 \ Kk Ry

To(K, 1)

N
(@)
o\;
o~
Q.
™~
S
N
™~
™~
S
N—
DO
Q)
VS
o~
S
N
S~
DO

2
) t3€—t/2

t /
Y D P B O SN B
2k0 Jo 1" v

v (?f . t’)Ze_(t_t/)/Zdt’,
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The differential electron spectra 7y (x, t), m2(k, t), and

m1(k,t) + mo(k, t) are indicated in the left, the middle, and the

right.

10

01F

K X m(Kt)

1e-005

1e-006

1e-00

and, the differential photon spectrum ~,(x, t) is indicated.
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Electrons’ cooldown process

At electron energies of x < 1, maximum fraction of radiation
energy by Inverse Compton becomes suppressed, as

1 1
Ok, v) ~ o where v <1/ (1 + ﬂ) ~ 4k,

¢

1/2
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then electrons diffuse as

ngtﬂ(’{’t) l/01 {¢( " )7 ( i t) — ¢(/€,U)7T(/i,t)} dv

K 1 —0v’ 1 —

2

/o v% {o(k,v)m(R,t)} dv ~ 8km(k,t) + 4%2%7T(/€, t).

Applying Mellin transforms, we have

0
a/\/l(s, t) + drgsM(s +1,t) = 0.

The solution for the initial condition 7(x,0) = §(k — ') IS

_ (ho 2,\
M(S, t) — <? —|— 4/43075) :
so, applying inverse Mellin transforms we have
1 o+100 s / S 1

(K, 1) = —/ ,::11 ( " ) ds = 6(k — (; + 4rot) ).

271 Jo oo Ko + 4kitk!
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This solution indicates that electron of the initial energy '
decrease Its energy « as

1 1
— = — —|—4/€0t7
Ay Ay

after traversing the thickness of ¢, @ as indicated in the figure.

1000 | .
100 f- -
10 |

1F N\

1 1 1
0.0001 0.001 0.01 0.1 1
Kt

2 This relation corresponds to the solution from the mean energy

dissipation, —ﬁ/@ = fol vo(K,v)dv %fo‘l“ vdv = 4k2.
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And under the electron cooldown process, photons diffuse as

o 0 N (K1) dK'
o0 = [ e 5) LA <.
A\ K

KkoOt k' K

Fractional inverse Compton radiation Is suppressed as

A 1
— <1/ (14—?), sothat x> A+ VA2+)\)/2.

Y Y

(A2 + ))/2 ~ /)\/2 shows the lower bound of the integral.
Electrons cool down very slowly, so that they have minimum limit

Kmin 1IN thelr energy spectrum.
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When the lower bound of integral exhists in electron spectrum,
or VA/2 > Kpmin,

s, "0 (k') dr’
W(Aaﬁ) — /[ / /7
/430875 ()\_l_\/mVQ 2K K

so for the power-type electron spectrum =« (x,t) ~ k= f(t),

—a—1
0 f(t) A4 VAZ+ A 2
V(A ) = ~
KoOt 2(a + 1) 2 a+ 1

FpA-e

As electrons show power index of o« = 2 In cooldown process,
photon spectrum shows \—3/2.

On the other hand when the lower bound of the integral is smaller
than the electron spectrum, or \/X/2 < Kmin, Photon spectrum
v(A\, t) becomes independent on their energy )\, as already pre-

dicted by Aharonian and Plyasheshnikov.
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Conclusions

Evaluation of cascades in matter, photon fields,
and strong magnetic fields Is reexamined, by a
standard numerical integration method.
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Conclusions

Evaluation of cascades in matter, photon fields,
and strong magnetic fields Is reexamined, by a
standard numerical integration method.

Our results of cascades in matter and the strong
magnetic fields agreed well with Aharonian and
Plyasheshnikov results, and showed enough
accuracies.

We have not yet obtained quantitatively
consistent results with Aharonian and
Plyasheshnikov’s for cascades in photon fields.

Transition of the diffferential energy spectrum is
well explained by the differntial-difference
equation with the simplified cross-sections and
the electron cooldown process.

Nov., 2010 — p.31/31



	Contents
	Classical cascade shower theories
	CASCADES in astrophysical environments, {small a new important application}
	small Analytical approaches, Monte Carlo approaches, and numerical approaches
	
	
	Our numerical approach
	Our result for Cascades in strong magnetic fields
	
	
	Our cascade results in matter
	
	
	Our cascade results in photon fields
	
	
	
	
	We discuss the differential energy spectrum
	Transition of cascades energy spectrum
	
	
	
	
	
	
	
	
	
	Conclusions
	cool.pdf
	Contents
	Classical cascade shower theories
	CASCADES in astrophysical environments, {small a new important application}
	small Analytical approaches, Monte Carlo approaches, and numerical approaches
	
	
	Our numerical approach
	Our result for Cascades in strong magnetic fields
	
	
	Our cascade results in matter
	
	
	Our cascade results in photon fields
	
	
	
	
	We discuss the differential energy spectrum
	Transition of cascades energy spectrum
	
	
	
	Electrons' cooldown process 
	
	
	
	
	Conclusions




